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Abstract—The Fourier transform is an important operation
in signal processing. However, its exact computation on digi-
tal computers can be problematic. In this paper we consider
the computability of the Fourier transform and the discrete-
time Fourier transform (DTFT). We construct a computable
bandlimited absolutely integrable signal that has a continuous
Fourier transform, which is, however, not Turing computable.
Further, we also construct a computable sequence such that the
DTFT is not Turing computable. Turing computability models
what is theoretically implementable on a digital computer. Hence,
our result shows that the Fourier transform of certain signals
cannot be computed on digital hardware of any kind, including
CPUs, FPGAs, and DSPs. This also implies that there is no
symmetry between the time and frequency domain with respect
to computability. Therefore, numerical approaches which employ
the frequency domain representation of a signal (like calculating
the convolution by performing a multiplication in the frequency
domain) can be problematic. Interestingly, an idealized analog
machine can compute the Fourier transform. However, it is
unclear whether and how this theoretical superiority of the analog
machine can be translated into practice. Further, we show that
it is not possible to find an algorithm that can always decide for
a given signal whether the Fourier transform is computable or
not.

Index Terms—Fourier transform, discrete-time Fourier trans-
form, algorithmic decision, Turing computability, frequency do-
main

I. INTRODUCTION

HE Fourier transform and the discrete-time Fourier trans-
form are two important operations in signal processing
[2]-[5]. Using those transforms we can interpret signals in
terms of their frequency composition. A useful property of
the Fourier transform is that it transforms a convolution in the
time domain into a multiplication in the frequency domain.
For this reason, the output of a linear time-invariant (LTI)
system can be easily determined in the frequency domain by
multiplying the system input with the transfer function of the
LTI system.
For practical applications, it is essential that we can com-
pute the Fourier transform on a digital computer [6]. But
even though theorems like the convolution theorem play an
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important role in signal processing [5], the computability of
the Fourier transform has not gotten much attention. In this
paper we will study the computability of the Fourier transform
and the discrete-time Fourier transform (DTFT). The proper
framework to treat this question is Turing computability. A
Turing machine is an abstract device that manipulates symbols
on a strip of tape according to certain rules [7]-[10]. Although
the concept is very simple, a Turing machine is capable of
simulating any given algorithm. A Turing machine has no
limitations in terms of memory or computing time, and hence
provides a theoretical model that describes the fundamental
limits of any practically realizable digital computer. This im-
plies that anything that is not computable on a Turing machine,
cannot be computed on any digital hardware, including CPUs,
FPGAs, and DSPs.

We will show that there are signals for which no Turing
machine exists, and hence no algorithm that can compute the
Fourier transform. The same holds true for the discrete-time
Fourier transform (DTFT).

As for the Fourier transform, we will construct an absolutely
integrable bandlimited signal f,., which itself is computable
as a continuous signal, such that its Fourier transform f* is
continuous but not Turing computable, because f*(()) is not
computable. The signal f,. has further interesting properties.
The LP(R)-norms of f,. are computable for all computable
1 < p < oo, and, in particular, the energy, i.e., the L?(R)-
norm is computable. We will give a precise definition of what
we mean by “computable” in Section III.

In [9, p. 110, Th. 4] a positive result about the computability
of the Fourier transform was given for certain LP(R) spaces.
To obtain this result, the fact was used that the Fourier
transform is a bounded operator from LP(R) into L%(R)
if p < 2 and ¢ is the conjugate index of p, satisfying
1/p+ 1/q = 1. Further, Type-2 computability of the Fourier
transform for LP(R) was studied in [11]. In [12], without a
proof, a computable continuous signal was stated that has a
non-computable Fourier transform. The construction and the
properties of the signal f, in the present paper are different
from the signal given in [12]. In particular, f, is bandlimited,
which enables us to use Shannon’s theory of sampling series
to compute its LP-norms. Further, our approach immediately
gives us a finite Shannon sampling series approximation for
[+, with effective control of the approximation error. Such an
effective control of the approximation error is not possible
in the frequency domain, i.e., for the approximation of f*,
because f,(0) is not computable.

As for the DTFT, we will construct a sequence that is
computable in /P, 1 < p < oo, such that its DTFT is not
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computable on all dyadic grids. Although the convergence
behavior of the Fourier series is important and a well-studied
topic in classical analysis [13], questions of computability have
not caught much attention. The convergence of Fourier series
for computable Lebesgue integrable signals was studied in
[14], and it has been shown that the set of Ll-computable
signals, whose Fourier series diverges almost everywhere, is
big in a certain sense. In [12] a computable signal f(t) was
given, for which the Fourier series converges uniformly, but
the convergence is not effective for ¢ = 0. This result does not
imply ours, because it only shows that the Fourier series of f
does not converge effectively. We instead show that the DTFT
signal itself is not computable, no matter what procedure is
used to calculate it.

Further, we investigate the problem whether it is possible
to find an algorithm that can decide for a given signal if its
Fourier transform is computable. We will show that such an
algorithm cannot exist. This fact has consequences, e.g., for
computer aided control system design (CAD), where such an
algorithm would be necessary in order that problematic signals
be avoided.

Other works that treat computability in the context of
signal processing are [15], [16]. In [15] downsampling and
the bandlimited interpolation have been studied with respect
to computability, and in [16] the decidability of the uniform
convergence of the Fourier series was analyzed.

II. NOTATION

By ¢?(Z), 1 < p < oo, we denote the usual spaces of
p-th power summable sequences x = {z(k)}rez with the
norm ||z(ler = (350 |z(k)|P)Y/P. ¢5.(Z) denotes the set
of sequences {x(k)}xez in ¢P(Z) that vanish for k < 0, i.e.,
satisfy z(k) = 0 for all k£ < 0.

In this paper we will use both the terms function and signal
interchangeably. By C' we denote the space of all continuous
functions on R that vanish at infinity, equipped with the norm
Il = maxser|f(¢)]. For Q C R, let LP(£2), 1 < p < oo,
be the space of all measurable p-th power Lebesgue integrable
functions on Q with the usual norm || -|,, and L*°(Q2) the
space of all functions for which the essential supremum norm
I - |oc is finite. For 0 < o < oo and 1 < p < oo, we denote
by B2 the Bernstein space of all functions of exponential type
at most o, whose restriction to the real line is in L?(R) [17,
p- 49]. The norm for B2 is given by the LP-norm on the real
line. A function in BE is called bandlimited to o. B2 is the
frequently used space of bandlimited functions with bandwidth
o and finite energy. We have B2 C Bl forall1 <p <r < oo
[17, p. 49, Lemma 6.6]. 3?0 denotes the space of all functions
in BS° that vanish at infinity.

By 0D we denote the boundary of the unit disk, i.e., the
unit circle, and C(0D) denotes the set of all continuous
functions on dD. We equip C(9D) with the norm || f|c =
max,eo,2r)| f(€“’)]. The Wiener algebra W is the space of
all functions in C'(0D) with an absolutely convergent Fourier
series.
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III. COMPUTABILITY

The theory of computability is a well-established field in
computer science [7]-[10], [18]. However, since computability
is not widely known in the signal processing community, we
describe some of the key concepts in this section. For a more
detailed treatment of the topic, see for example [9], [10], [18],
[19].

In order to study the question of computability, we employ
the concept of Turing computability. A Turing machine is
an abstract device that manipulates symbols on a strip of
tape according to certain rules [7], [8], [10], [18]. Despite
their simplicity, Turing machines are capable of simulating
any given algorithm. Further, Turing machines are equivalent
to other concepts of computability, such as those defined by
general recursive functions, Minksy register machines, or \-
calculus. Since Turing machines have no limitations in terms
of memory or computing time, they provide a theoretical
model that describes the fundamental limits of any practically
realizable digital computer.

It is important to distinguish Turing computability from
complexity theory, another topic in computer science. Com-
plexity theory deals with the question how efficiently a prob-
lem can be solved, and analyzes how the computation time of
a given algorithm scales with the size of the input data. Thus,
the goal of complexity theory is different to the goal in Turing
computability where the fundamental limits of computability
are explored, without consideration of complexity issues. Fur-
ther, complexity theory operates in a discrete and finite setting.
However, in the modeling of many real world problems,
continuous functions are used, e.g., bandlimited functions that
have an infinite duration. In principle, computability theory
can make statements about the computability of such objects.

Alan Turing introduced the concept of a computable real
number in [7], [8]. A sequence of rational numbers {r, } nen is
called a computable sequence if there exist recursive functions
a,b, s from N to N such that b(n) # 0 for all n € N and

_ (_1\s(n) a(n)
= Ty
A recursive function is a function, mapping natural numbers
into natural numbers, that is built of simple computable func-
tions and recursions [20]. Recursive functions are computable
by a Turing machine. A real number z is said to be computable
if there exists a computable sequence of rational numbers
{rn}nen and a recursive function £: N — N such that
|z — re(ny| < 277 for all n € N. By R. we denote the set of
computable real numbers and by C. = R, + iR, the set of
computable complex numbers. R, is a field; i.e. finite sums,
differences, products, and quotients of computable numbers
are computable. Note that commonly used constants like e
and 7 are computable. A non-computable real number was,
for example, constructed in [21].

A sequence {x(k)}rez in €, p € [1,00)NR, is called com-
putable in (P if: 1) every number z(k), k € Z, is computable,
and 2) there exist a computable sequence {xn}yen C 2,
where each x has only finitely many non-zero elements, all
of which are computable as real numbers, and a recursive
function £: N — N, such that for all n € N we have

n € N.
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lz = xeyller < 277 By CIP we denote the set of all
sequences that are computable in ¢P. Similarly, we define
Cl%(Z) as the set of all sequences in ¢% (Z) that are com-
putable in /7.

There are several—not equivalent—definitions of com-
putable functions, most notably, Turing computable functions,
Markov computable functions, and Banach—-Mazur computable
functions [19]. For us, the connection between Banach—-Mazur
computability and Turing computability is important. Any
function that is Turing computable is always Banach-Mazur
computable. Conversely, any function that is not Banach-
Mazur computable cannot be Turing computable. A function
f: R — Ris called Banach—-Mazur computable if f maps any
given computable sequence {z,,},en of real numbers into a
computable sequence {f(x,)}nen of real numbers. It follows
that a function that is computable with respect to any of the
above definitions has the property that it maps computable
numbers into computable numbers. This property is therefore
a necessary condition for computability. Usual functions like
sin, sinc, log, and exp are Turing computable, and finite
sums of computable functions are Turing computable [9].
We will further use the important fact that every computable
real function is continuous on R, [19]. For a more detailed
treatment of computability, see for example [9], [10], [18],
[19], and for an example of a non-computable function [22].

We call a function f elementary computable if there exists a
natural number N and computable numbers {ay }2_  such
that

Tt — k) M

N .

f(t) = Z O[ksm(w(t k))

k=—N

Note that every elementary computable function f is a finite
sum of Turing computable functions, and hence, Turing com-
putable. As a consequence, for every ¢ € R., the number f(¢)
is computable. Further, the sum of finitely many elementary
computable functions is computable, as well as the product
of an elementary computable function with a computable
number A € C.. Hence, the set of elementary computable
functions is closed with respect to the operations addition
and multiplication with a scalar. Further, for every elementary
computable function f, the norm || f||zz, p € (1,00] N R, is
computable.

A function in f € BP, p € [l,00) N R, is called
computable in BP if there exists a computable sequence of
elementary computable functions {f,}nen and a recursive
function £: N — N, such that |[f — fe()llgz < 27" for all
n € N. By CB2 we denote the set of all functions that are
computable in BE. Note that CBE has a linear structure. We
can approximate every function f € CB2° by an elementary
computable function, where we have an “effective” control of
the approximation error. This control of the error is illustrated
in Fig. 1.

Similarly, we define the set CB.<, of all functions in B2%
that are computable in B2%,. A function in f € B2, is called
computable in BY, if there exists a computable séquence of
elementary computable functions {f,}nen and a recursive
function {: N — N, such that [|f — feqlle, < 27" for
all n € N. Since for every elementary computable function
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Fig. 1. For a computable function we can always determine an error bar and
be sure that the true value lies within the specified error range.

fn» the norm || f,,||=  is computable, it follows immediately
from the inequality

HfHB;‘fU - Hf'n”B:fU < Hf - f’nHBSﬁOa

that the norm || f||gz, , i-e., the maximum of f, is computable
for all f € CBZ,. See also [9, pp. 40].

In order that the above definition of a computable function
in B, is meaningful, it is necessary that each f € B77, can
be approximated in a classical sense by a linear combination
of shifted sinc-functions. This is assured by the next fact.

Fact 1. Let f € B, For every € > 0 there exists an N € N
and numbers {c }1__\ such that

N sin(r(t— k)

f= 2 o Tt — k)
S B

A set A C N is called recursively enumerable if A = ) or
A is the range of a recursive function. A set A C N is called
recursive if both A and its complement N\ A are recursively
enumerable. The fact that there exist sets which are recursively
enumerable but not recursive will be important for us [9, p. 7,
Proposition A], [20, p. 18].

The following lemma [9, p. 20, Corollary 2b], in which
a non-computable number is constructed from a recursively
enumerable nonrecursive set, is essential for us.

Lemma 1. Let A C N be a recursively enumerable non-
recursive set, and ¢.: N — A a recursive enumeration of
the elements of A, where ¢4 is a one-to-one function, i.e.,
for every element k € A there exists exactly one N € N
with ¢ A(Ny,) = k. Then the number Y %_, 24N is not
computable.

IV. FOURIER OPTICS

The field of Fourier optics is a well-established discipline
in physics and optics that is older than Turing’s theory of
computability and digital computers [23]. The 2 f architecture
in Fourier optics is an optical setup, in which a lens is used
to perform the Fourier transform. This setup can be seen as
an analog machine for computing the Fourier transform of
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27 -7

Fig. 2. Illustration of the non-computability of the Fourier transform. In the
left panel we see an approximation f,(¢) of the computable time domain func-
tion fi(¢) (the true values lay within the gray shaded area). In the right panel
we see the absolute value of the Fourier transform |fa(w)| = |(Ffa)(w)].
The values of f,(w) are computable for all w € R \ {0}, but not for w =0
(indicated by the gray vertical bar).

a bandlimited function [24]. In theory, the Fourier transform
computed by such a system is perfect, but in any practical
realization there are always imperfections, such as misalign-
ment and noise, that limit the precision with which the Fourier
transform can be computed.

There are studies that try to construct and analyze comput-
ing machines based on analog components [25]-[31]. In [25],
[26], the computational power of networks of spiking neurons
has been analyzed. Further, in [27], [28], DNA based Turing
machines were analyzed, and chemical implementations were
investigated in [29]-[31]. However, the authors of the above
publications do not seek for analog computers, instead they
use the analog components to construct a digital computer,
i.e., a Turing machine.

The rationale behind these approaches is that being able
to implement a Turing machine with the analog components
shows the ultimate potential of the analog device. However,
this is not necessarily the case. If we consider the Turing
machine as an idealized model of a digital computer with
unlimited memory and computation time, and the 2f archi-
tecture in Fourier optics as an idealized analog device without
noise and other imperfections, our result shows that in certain
situations an idealized analog machine is more powerful than
an idealized digital machine: The idealized analog machine is
capable of computing the Fourier transform, while the Fourier
transform is not Turing computable. However, it is unclear so
far whether this theoretical superiority can be translated into
practice.

V. FOURIER TRANSFORM

In this section we study the computability of the Fourier
transform of certain bandlimited functions. We construct a
continuous bandlimited function f,. € B} that is computable
as an element of Bgﬂ forall 1 < p < o0, p € R, and as
an element of B3 , such that the Fourier transform f. is not
a Turing computable function because f*(()) ¢ C.. Note that
fe(t) € C, for all t € R, ie., f.(t) is computable for all
computable ¢, but f,(0) is not computable. This situation is
illustrated in Fig. 2.

Theorem 1. We construct a function f. € Bi_ that is
computable as an element of B3,  and as an element of BE

http://dx.doi.org/10.1109/TSP.2020.2964204

forall p € (1,00)NR,, such that f, has a continuous Fourier
transform f, that is not computable in C, because f. (0) € C..
Further, the function f, is constructed such that f* (w) € C.
forall w e R\ {0}.

Remark 1; The result frorr} Theorem 1 is interesting, because
we have f,(0) € C., but f.(w) € C, for all w € R.\ {0} and

lim f.(w) = £.(0), )

due to the continuity of f* At a fist glance this might seem
surprising. The explanation is that the convergence in (2) is
not effective.

Remark 2. Since f, in our paper is bandlimited, it follows that
there exists a simple series expansion of the Fourier transform:

frlw) = % Z fa (—];) eWk/2 e (—=2m,27).  (3)
k=—o0

Thus, for the calculation of f* we have, in addition to the
Fourier integral, the series expression (3), which only requires
the samples of f,.

Remark 3. Since f. € B}, we have

k
A (5)] <

according to Nikol’skii’s inequality [17, p. 49, Th. 6.8]. Hence,
it follows that the series in

felw) = % i fe <—§> ewk/2 e (=2m,2m),
k=—o00

oo

>

k=—o00

converges absolutely. Further, we have

Since f.(—k/2) € R,, k € Z, it follows that

N
1 k\
- E .f* <_> ezwk/2
2 k=—N 2

is a computable trigonometric polynomial. Theorem 1 implies
that this computable sequence of computable trigonometric
polynomials does not converge effectively to f* in the max-
imum norm, because f,(0) is not computable. Since f,(0)
is not computable, it also follows that is impossible to find
any other computable sequence of computable trigonometric
polynomials that converges effectively to f* in the maximum
norm.

For the proof of Theorem 1, we need the following two
elementary lemmas, the proofs of which are given in Appen-
dices B and C, respectively. It is important that the constants
on the right hand sides of the inequalities in Lemmas 2 and
3 are computable. The usual upper bounds that exist, see for
example [32, pp. 182-192], contain only general constants,
and therefore are useless for us.
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Lemma 2. For all N € N and all w € R we have
N

Z % sin(kw)

k=1
Lemma 3. For all N € N and all 0 < 6 < 1/2 we have

Z % cos(kw)

k=1
Jor all w € R satisfying |w — k27| > 6 for all k € Z.
Proof of Theorem 1. For N € N, let

N . 2
gn(t) = Z% (sm;z;(i_kf))) , teR

<.

1
§10g<5)+2+27r

N
1
= = 4
E = “4)
where we used that

L) e[

= — 1 dw
2 J_,

=1, S

|
8
7 N
)
3 [ 2
SE
=
N———
[\
o,
~

according to Plancherel’s identity. Thus, we see that gy € B} .
Since B, C BS_forall 1 <p < oo [17, p. 49, Lemma 6.6],
it follows that g € Bgﬂ for all 1 < p < oco. Further, we have

where

. * Csin(rt)\ . — Ll
— wt qt — 21
) /oo( i ) ‘ 0,

Since ¢(0) = 1, it follows that

w| < 2m,
|w| > 27.

= log(N +1). (6)

It can be shown that gy is computable in B%_ and that the

norm

oy = ( / °;|gN<t>|p dt) ‘
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is computable for 1 < p < oo, p € R.. We prove the second
fact in Appendix D.

Next, we will derive upper bounds for the LP(R)-norms of
gn for 1 < p < o0. For 1 < p < oo, we have, according to
the Plancherel-Pélya inequality [33, p. 152, Theorem 3], that

([ vt ) <co ( > low(3) ) )

k=—oc
where
o = —1|—7r) . {cot(”((ppll))), 1<p<2,
21/p tan(gT), 2 <p< oo,

is a constant that only depends on p. The value of the constant
C(p) is derived in Appendix A. We have C(p) € R, for all
€ (1,00) NR,. For k € Z we have

L 1<k<N
k_ — k> — — Y
g (k) {07 otherwise.

Let
an(l) =gn <l+2) leZ,
and
sin(r(l 4+ )\
b(l) = , leZ
0 ( m(l+3) ) ©
Then we have
1 (sin(r(l+3 - k)" <=1
an(l) = - T = —b(l — k)
N kz_;k< i+ 31—k ) ;k
Since
Bller = > O = > b
l=—00 l=—00
sin(w(l + 1))\
- ( + 5) )

where the third line follows from [17, p. 50, Th. 6.11] and the
last line from (5). Using Young’s convolution inequality we
obtain

NoNF N\
||aN||£f' < HbHZl (Z ld’) = <Z kp> . 3)
k=1 k=1

For k € 7Z we have
& 1<E<N,
0,

k) =
gn (k) otherwise.
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It follows that

o] k P o0 o0 1
S ‘gN(2> - Z v 0P+ 3 ‘gN(HQ)
k=—oc0 k=—oc0 k=—oc0
1
=Y £ Y lan
k=—o0
N
g2zk—p, ©)
k=1

where we used (8) in the last line. Combining (7) and (9), we
see that

lgnllp < C(p) (2

k=1
N k 1 %

<2:C(p) (HkZQ/“TpdT>

1 N %
=27C(p) <1+/1 7_pd7'>

s 1 1 v
ZQPC(p) <1+p_1 ( )Npl)

1 \7

= 2P0(p) (1 + p1> = Cl(p)7 (10)

where, for all p € (1,00) N R,, the constant Cy(p) is a
computable number.

For N € N, let

gn (1)

hav (1) = gn(0)

teR.

Since gn is computable in BY_, p € (1,00) NR,, and gn(0)
is a computable number, it follows that sy is computable in
BY . We further have

Cilp) . _ Gip)
gn(0) ~ log(N +1)’

for p € (1,00), where we used (10) in the first and (6) in
the second inequality, and ||hx]||; = 1, which follows directly
from (4), as well as BN(O) = 1. Further, Ay is continuous,
because hy € B},

Let A C N be a recursively enumerable nonrecursive set
and ¢4: N — A a recursive enumeration of the elements of
A, where ¢ 4 is a one-to-one function. Further, let

1)

lanllp <

= 1
fult) = Z th(t)a teR. (12)
N=1
Since
o0 1 o0 o0
)3 264(N) hN‘ - Z 2¢A<N> Z
N=1 27r N= N=1
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we see that the series in (12) converges in the B._ norm,
and that f, € B . Note that f, € B ~ implies that f* is
continuous. Moreover for p € (1,00) and M € N, we have

M

1 oo
f* - Z WhN < Z 2¢A(N ”hNHB
N=1 B~ N=M+1

< Z 2NlogN+1)

N=M+1
Ci(p) S
< e A— R—
log(M + 2) N:zj\/[:+1 2N
Ci(p)
log(M +2)’

where we used (11). This shows that, for p € (1,00) "R, the
computable sequence

M o0
o h
{Z 264 (N) N }
N=1 M=1

converges effectively in the ng norm to f,. Hence, f, is com-
putable in B5_ for all p € (1,00) NR,. f. is also computable
in B35 because we have || fllsg , < (14 2m)]|f[|sz_ for all
fe B%, according to Nikol’skii’s inequality [17, p. 49]
Since f. € B3, and hy(t) > 0 for all ¢t € R, it follows

from Lebesgue’s dominated convergence theorem that

o 1 R

flw) =3 o) N
1

(w)-

Hence, we see that
oo

A 1
£O =2 o

N=1

which implies that f, (0) & C. according to Lemma 1.
Let w € (—2m,27) \ {0} be arbitrary but fixed and § =
min{1/2, |w|, 27 — w, 27 + w}. Then we have

|hn ()] = a(«) ﬁ: 1 cos(kw) — i i — sin(kw)
gn(0) i K ok
1 1
< o (0) log (5> +2+ 37r)
=:C2(8)
C2(6)
~ log(N +1)’

where we used Lemmas 2 and 3 in the first inequality. It
follows that

M

R 1 . e 1 .
f*(w)—z 2¢A(N)hN(w> < Z 2¢A(N)|hN(w)|
N=1 N=M+1
< )
N=M+1
= 1
< Cq(6) Z N N L1
N:M+12 log(N +1)
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Co(0) =1
log(M +2) Z 2N

C2(9)
log(M +2)°

For w € (—2m,27) N R, \ {0}, the constant C5(J) is com-
putable, and we see that the sequence

M 1 . o0
{Z 26A(N) hN(“)}
M=1

N=M+1

of computable numbers converges effectively to f, (w). This
shows that f,(w) is computable for all w € (—27,27) NR, \
{0}. Since f, € BL_and f, is continuous, we have f,(w) = 0
for all |w| > 2. Hence, it follows that f,(w) is computable
for all w € R, \ {0}. O

Remark 4. For w # 0 we have

: v ()] S
[fe(w)| < Nz::l W@V(O) < C](w)Nz::l 26A(N)

oo 1 .
<3 g = £0)

which shows that f.(0) is the maximum of the function
|f+|. Since f.(0) is not computable, it follows that || f.||c =
max,cr|fx (w)| is not computable. This is interesting because
we have fe(w) € C, for all w € R\ {0} and lim,,_,o f,(w) =

1+(0).

VI. ALGORITHMIC DECISION

As we have seen in Theorem 1, there exist functions f in
B;’W, 1< p<oo, pE R,, that are computable in Bgﬂ, but their
Fourier transform f is not computable in C'. From a practical
point of view it would be desirable to have an algorithm with
which we can decide in advance for each function f € CBY_
whether f is computable or not. This information would also
be necessary for the application of computer aided control
system design where we need to avoid problematic functions.
In the following, we study the question if such an algorithm
can be developed.

For 1 <p < oo, peR, let

U, = {f e B, NCBY - fis computable} .

Thus, U, is the set of benign functions, i.e., functions for
which the Fourier transform is computable. Note that every
function f € U, has a continuous Fourier transform f , because
f € Bl.. Now the question is: Does there exist a Turing
machine TM : B} NCBY_— {0,1} with TM(f) = 1 if and
only if f € U,? Such a machine would give us the answer
to the question whether the Fourier transform of a function
f € Bi.NCBY_ is computable or not. If the output of the
machine is “1” then the Fourier transform is computable, if
the output is “0” then the Fourier transform is not computable.

The next theorem answers this question about the existence
of such a Turing machine in the negative. Note that since
Bl C B ,1<p< oo,the set B NCBL_is relatively small.

http://dx.doi.org/10.1109/TSP.2020.2964204

Yet we cannot always algorithmically decide if a function in
this set has a computable Fourier transform or not.

Theorem 2. Let 1 < p < oo, p € R.. There exists no Turing
machine that can decide for all f € Bi_ N CB5_ whether

felyor fEU,.

Proof. Let 1 < p < oo, p € R, and f, be the function from
Theorem 1 and g € U,. We have f. € B3, NCB5_\ U,. For
p € [-1,1]NR., we consider the function F,, = pf.+(1—p)g
and set ¥(1) = xu, (F).), where Xy, denotes the characteristic
function of the set U,. For ;1 = 0 we have Fy = g € U,.
For all other 4, i.e., o € [-1,1] N R, \ {0}, we have F), €
Bi. ncBY \ U, because f. € By NCBY_\ U,. Thus, we
see that

p=0,
0, pwel[-1,1]NR.\ {0}

It follows that for every computable sequence { (i, } ez of real
numbers with lim,, o pt, = 0 and p,, # 0, n € N, we have

0= lim w(jm) < 6(0) = 1

i.e., ¢ is a discontinuous function on [—1,1] N R,. This im-
plies that v is not Banach-Mazur computable, because every
Banach—Mazur computable function is necessarily continuous
[19].

We prove the assertion by contradiction. Assume that there
exists a Turing machine that for all f € B} N CB_ can
decide whether f € U,,. This means we can construct a Turing
machine TM;: B3 N CBY_ — {0,1} with TM;(f) = 1 if
and only if f € U,,.

For p € [-1,1] N R., we have ¥(u) = xu,(Fu) =
TM(F,). Further, since F), is computable, there exists a
Turing machine TM,: [-1,1] "R, — BL_ N CBY_ with
TMy(p) = F,. It follows that the concatenation of both
Turing machines gives a Turing machine TM3: [—1, 1]NR, —
{0,1} with TMs(p) = TM1 (T Ma(p)) = TMi(F,) = ¢ ().
Let {\,}nen be a computable sequence of real numbers.
Then {g,}neny With ¢, = TM3(\,) = ¥(\,), n € N, is
a computable sequence. Hence, ) maps the computable se-
quence {\, }nen into the computable sequence {¢(A,)}nens
or, in other words, v is Banach—-Mazur computable. This is a
contradiction, because above we have already shown that ¢ is
not Banach—-Mazur computable. O

VII. DISCRETE-TIME FOURIER TRANSFORM

The discrete-time Fourier transform (DTFT) of a sequence
x = {x(k)}rez is defined as
o
X(e)= > a(k)e k.

k=—o0

13)

The DTFT enables us to analyze sequences in the frequency
domain, and therefore is an essential tool in signal processing
[5], [34], [35]. A practical and very important fact is the
convolution theorem of the DTFT. Let
(o)
(@xy)(1) = > @l —k)yk)

k=—00
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denote the convolution of the two sequences x and y. Since
DTFT(z * y)(w) = X ()Y (), the convolution can be
calculated in the frequency domain, according to the convolu-
tion theorem of the DTFT

(x+y)(l) = DTFT ' [DTFT[z]DTFT[y)](1).  (14)

In many cases this allows a more efficient implementation of
the convolution.

A very closely related transform is the discrete Fourier
transform (DFT), which is the basis of many applications in
signal processing and modern communications [2], [3], [5],
[36]. For the DFT only finite segments of the discrete-time
signal are considered. Then the infinite sum in (13) reduces
to a finite sum, and X has to be evaluated only for a finite
set of discrete frequencies. Thus, the DFT is well suited for
being implemented on digital computers. In particular, its
implementation in the form of the FFT algorithm is widely
used [37]-[39].

A crucial point in any implementation of the DTFT is
that X can be effectively approximated, for example by a
finite series. This means, for any given prescribed error e,
we need to be able to approximate X by an algorithm in a
computable number of steps, such that the approximation error
is guaranteed to be less than e. This kind of error control is
only possible if X is computable.

From a signal theoretic point of view, we are used to “equiv-
alence” between time and frequency domain, and theorems
like the convolution theorem enable us to make efficient use
of the frequency domain representation of discrete signals. In
the next section we will analyze whether this “equivalence”
between time domain and frequency domain still holds from
a computational perspective. This is relevant if we want to
implement an algorithm, such as (14), on a digital computer.

As outlined in the introduction, we are interested in whether
the DTFT of a well-behaved sequence is always computable.
In this paper we will only consider sequences in ¢*(Z), 1 <
p < oo. The weakest requirement, i.e., a necessary condition
for computability, is that X (e) € C, for all w € [0, 27) NR,.
By constructing a counter example, we show that this is not
always the case.

Theorem 3. We can construct a sequence x, with the follow-
ing properties:

1) x, € th(Z) for all 1 < p < oo,

2) z, € C@_(Z), i.e, T, Is computable as an element of
(Z) forall 1 < p < oo, peR,,

3) X eWw,

4) X.(e™) is absolutely continuous, i.e., the derivative
L X, (e) exists almost everywhere with respect to the
Lebesgue measure, we have (=X, (e') € L'(0D) and
X can be represented as the integral of %X*(ei“),

5) X.(1) € C. and X, (") € C,. for all w € (0,27) NR,,

6) || X.||c is not computable.

According to Theorem 3, for the computable sequence .
we cannot compute the DTFT X, as a function, because X, (1)
is not computable. This implies that we cannot algorithmically
compute X, on a digital computer with control of the approx-
imation error.
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We can also interpret Theorem 3 as a representation result
for continuous 27-periodic functions. In this light, X (e~%)
is a continuous 2m-periodic function and z are its Fourier
coefficients. Theorem 3 shows that although the sequence
of Fourier coefficients x is computable and has very nice
properties, the corresponding continuous function X (e=%),
defined by the Fourier series, is not computable because
X(1) £ C..

If we do not require the properties 3, 4, and 6 to hold, we
can even strengthen the non-computability statement of the
theorem.

Theorem 4. We can construct a sequence T.. with the
following properties:
1) xyy € ﬁﬁ_(Z) Sforall 1 < p < o0,
2) ®y € CE(Z), i.e., Ty is computable as an element of
8(Z), forall 1 <p < oo, p € R,,
3) For all M g N we have for all 0 < [ < oM _ 1 that
X, (e?27/27) & C,, ie, X,.(e™) is not computable
for all frequencies w on all dyadic grids.

We call any subset of [0, 27] that, for some M € N, has the
form {I2m/2M: 0 <1 < 2™ — 1}, a dyadic grid. Theorem 4
implies that the inverse DTFT integral

1 (7 . ,
x**(k) - ﬂ/ X**(elw)ezwk dwa k € Z7

cannot be evaluated numerically as a Riemann sum on the
dyadic grid, because X,. is not computable at these points.
In general, since X, is not computable on the dyadic grid, all
approaches that rely on these numbers, like the inverse DFT
[4], [40], [41], cannot be used.

Since z,, is computable in ﬁi(Z), it follows that X,, is
computable in L2?(9D), i.e., X.. can be effectively approx-
imated by computable trigonometric polynomials. However,
these polynomials have to be constructed first, and the values
of X,, on the dyadic grid, i.e., the values X**(em”/QM),
0<1<2M _1, cannot be used for this construction, because
they are not computable.

For the proof of Theorem 3, we need two lemmas.

Lemma 4. For all w € (0,27), there exists a constant
C3(w) < oo, such that

AT
k; g (i) cos(kw) < Cs(w)

for all N € N. For w € (0,27) NR,, we have C3(w) € R..

Lemma 5. There exists a continuous 2mw-periodic function
Q(w), such that

=0.

lim max
N—o0o wel0,27)

N 1 .
Qw) — kZZQ Tlog(h) sin(kw)

Further, there exists a computable constant Cy € R, such that

< Cy

N 1 .
kzﬂ (k) sin(kw)

for all w € [0, 2m).
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Lemmas 4 and 5 are known results about trigonometric
series, and can, for example, be found in [13].
Now we are in the position to prove Theorem 3.

Proof of Theorem 3. Let N € N, N > 2 be arbitrary. We

consider
C(N)

(k) = 4 Fosa 2SEEN,
0, otherwise,

N 1 -1
)= (kz_z klog(kz)) ‘

For all k£ € N, klog(k) is a computable number. Therefore,
C(N) is computable. Hence, x is a computable sequence of
computable numbers. Since

k+1
L / L 4
—_— T
klog(k) & 7 log(T)
for all k¥ > 2, we have

N N+1
Z 1 - / 1 dr = log log(N + 1) 7
i= klog(k) 2 7log(7) log(2)

where

and it follows that
log(N 4+ 1)\\
N 1 _ .
ow < (s () <3

Further, for p € [1,00) N R, we have zny € C¢ (Z) and
|[znler is computable. For p > 1, we have

5)

N

1
NP2
k

<_+Z/ 1pd7)

len iz <

< (C —, 16
cwyp (1+-2) (16)
where we used
k
1/k?P </ 1/7P dr
k—1
for all k¥ > 2 in the second inequality. For p = 1, we have
lzn]ler = 1. 17)
The DTFT of the sequence xx is given by
N
Xn(e)=> an(k)e ™, welo,2m),
k=2
and we have
N
XN ()] < Jan (k) = (18)
k=2

for all w € [0,27), as well as

N
)=> an(k)=
k=2

http://dx.doi.org/10.1109/TSP.2020.2964204

9
Hence, it follows that
Xn(e®) =X =1.
Jmas [Xn(e')] = Xn(1) =
Let
Voo
An(w) =C(N) ) Fios(h) cos(kw) (19)
k:f
and
N
By Z sm (kw). (20)

Then we have
XN(e“") = AN(LU) — ZBN(W)

Let A C N be an arbitrary recursively enumerable nonre-
cursive set [20]. Further, let ¢4: N — A be a recursive
enumeration of the set A, such that for every element & € A
there exists exactly one Ny € N with ¢4(Ny) = k. We
consider

[e )

. 1 .
X (€)= Seam XN (), wel0,2m), 2D
N=2
and
|
zo(k) = s in(k), ke (22)
N=2

For p > 1, using (16) and (15), we obtain

1
lzller < > Sy 1z ler
N=2

and, for p = 1, using (17),

e}

1 1
ol < 3 sy el < 5

This proves item 1, as well as item 3.
Further, for p € (1,00) "R, and M > 2, we have

M 1 %) 1
= Y s = | X ey
N=2 op N=M+1 op

E

S (N i ppe—
<C(M+1) (1+>

N=M+1
=1
> o
N=M+

1 log(M + 1

<<10g<0g(—~_

(s () ()
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where we used C(N) > C(N + 1) for all N > 2. Thus, we
see that the computable sequence

M 1 o0
{ > 26A () "””N}
N=2 M=2

converges effectively to ... Hence, z, is computable in ¢ (Z),
p € (1,00) NR,. This proves item 2.

Further, the sequence in (21) convergences absolutely and
uniformly, and thus we have X, € C(0D). For w € (0,2m),
we have

o0

iw 1 iw
RECHIESY Soaw X (€)]

N=2
=~ 1
<D o™
N=2
= X*(1)7
where we used (18) in the second inequality. It follows that

X.llc = X, (™) = X.(1).
Xl = masx| X ()] = X.(1)

Since we have

i 9—dA(N) ¢ R,

N=2
it follows that X, (1) # C, and || X.||c # C.. This proves
item 6 and the first part of item 5. Let

oo

1
Aw) = Z WAN(W) (23)
N=2
and
=1
N=2

The series in (23) and (24) are absolutely convergent. Further,
for w € [0,27) and M > 2, we have

M )
1 1
B(“)722¢A<N>BN(‘”) = > 5o By (W)
N=2 N=M+1
> 1
< Z W|BN(W)|
N=M+1
— C(N)
= Gy Z 2¢4(N)
N=M+1
log(M +1)\\ ' & 1
<Oy 1 _— —_
<g< log(2) )) NEM:HWN)

()

where we used Lemma 5 in the second inequality. Note that
Cy is a computable number. Thus, the computable sequence

M 1 e
{Z 200N BN(“’)}
M=2

N=2
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of computable numbers converges effectively to B(w). Hence,
we have B(w) € R, for all w € [0,27) NR,.. For w € (0, 27)
and M > 2, we have

M 00

1 1
AW =Y smmAN@| = | > g Av()
N=2 N=M+1
log(M+1)\’
2log (7%(;;(;) ))

where we used Lemma 4 in the second line. For w € (0,27)N
R, we have C3(w) € R.. Thus, for w € (0,27) N R, the
computable sequence

M 1 o0
{Z 26 A(N) AN(“’)}
M=2

N=2
of computable numbers converges effectively to A(w). Hence,
we have A(w) € R, for all w € (0,27) N R,. Thus, we see
that

X. (™) = A(w) — iB(w)

is computable for all w € (0, 27) NRR,. This proves the second
part of item 5.

Last, we prove item 4. Let
Kn(w) = Xy(e™), wel0,2n).

Since Ky is absolutely continuous, the derivative K fv exists
almost everywhere with respect to the Lebesgue measure, and
we have K € L'([0,27)) as well as

Kn(w) = /0 " Ky (€) de + Kn(0).

According to the definition of X, in (21), we have

Tw S 1
X*(e ) = Z WKN(M)
N=2
Let -
1
Gw) = Z WKEV(W)- (26)

N=2

Since

I KN 2t (jo,2x)) = AN — iBy [l L1 ([0,27))5

it follows from Lemma 6, which we state and prove later, that
there exists a constant C'5 such that

KN (0,27)) < Cs

for all N. It follows that the series in (26) converges in the
L([0,27))-norm and that G € L*([0, 27)). Further, we have

27)

M

1
> 26 A(N) Ky (w)

M

-3 - (/Ow KN (€) d + KN(O))

w M 1 M 1

— !

—/0 ) gy K (§) A€+ ) sac K (0).
N=2 N=2

(28)
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Let
29

w e 1
:/0 GO dE+ Y 5o Kn (0)
N=2
Then U is absolutely continuous, according to the fundamental
theorem of Lebesgue integral calculus. From (28) and (29) we
see that

Moo
Uw) = 3, smmm K@)
N=2
w > 1 M 1
= S 74
B /0 (Z 2¢-A(N)KN(£) ZQ¢A(N) (5)) d§
N=2
o0 1 w /
= 2 204 || K (£) d§
N=M+1
oo 1 w
N g L (GIE:
N=M+1
=1
<o Y
N=M+1

where we used (27) in the last inequality. This shows that

M
— T 1 _ iw

for all w € [0,27). Hence, X, (e™) is absolutely continuous.
O

Remark 5. The sequence { Xy} nen in the proof of Theorem 3
converges uniformly to X, but the approximation error cannot
be effectively controlled, i.e., to a given prescribed error it is
not possible to algorithmically compute an index M such that
X achieves this error.

We state and prove Lemma 6 next.

Lemma 6. There exist two constants Cg and C5 such that

AN L1 (j0,27)) < Co
and
BNt (j0,27)) < Cr
forall N € N.
Proof. We have
N
Al (w) Z Sm (kw)
k=2
and
By (w Z log cos (kw).

Using the bounds from [32, pp. 182-192], it can be shown

that
Ny
——  sin(k-
kzzzlog(k) ( )1

and that there exists a constant C'g such that

AR
kzﬂilog(k) cos(k-) 1

~ Cglog(log(N))

< Cy
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for all N € N, N > 2. Since

o< on (52531

the assertion follows. O
Finally, we prove Theorem 4.

Proof of Theorem 4. For K € N, let

i) = ﬁ, if k= 2™ for some m € [K,2K],
0, otherwise.

Then we have

0o 2K
w E —inw 1 § —iw2k
X (e ) = J)K(k) (§] = TH € 2 .
k=0 k=K

For M € N, K > M we have for 0 <[ < 2M _ 1 that
2K 2K
12m 1

v —j 127 ok 1 i
XK(eQM):THZe 2M :mZeozl.
k=K k=K

Let A C N be a recursively enumerable nonrecursive set
and ¢ 4: N — A a recursive enumeration of the elements of
A, where ¢4 is a one-to-one function. We consider

o0

1
> g0 i (k)

K=1

Tun(k) = keZ. (30)

The series in (30) converges in Ei_ (Z), and, using similar
calculations as in the proof of Theorem 3, it is shown that x,,
is computable in C(ﬂ (Z) for 1 < p < o0, p € R,. Further, we
have

—inw __ 1
e = 5 (K) K

K=1

(€)= zu(n) ("),
n=0

where both series are absolutely convergent. Let M € N be
arbitrary, and consider 0 <[ < 2M _ 1, We have

o0

Xou(e'2m) =y WXK(Q 27)
K=1
M-1 i 0o 1
- Z 2¢A<K M)+KZ B0
(o] 1 B
=C(, M)+ Z 2P’
K=M

because XK(eiézT?) =1for K > M. C(l, M) is a finite sum
of computable complex numbers and hence computable. For
every M € N the number

> 1
Z 2¢4(K)
K=M

is not computable, because

Z 204(K) — Z 2¢A(K Z 9pA(K)’ (€29)
K=M K=1 K=1

and the first sum on the right hand side of (31) is not
computable while the second sum is computable. O
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VIII. APPLICATION I

The output of an LTI system can either be calculated in
the time domain as a convolution or in the frequency domain
by multiplying the system input with the transfer function of
the LTI system, as illustrated in Fig. 3. In this section we use
the result from the previous section to show that there is no
duality between the time domain and frequency domain with
respect to computability.

We consider energetically stable LTI systems and the input
signal space (2 (Z). Let hr denote the impulse response of the
LTI system. We assume that hr € (2 (Z), i.e., that the system
is causal, and that Hy € L°°(0D). Even further, we restrict
ourselves to such systems for which Hy € C'(0D). Then the
system output y is given by

k
)= 3" halk—Da(l) =
=0

If hy € (2(Z) and © € (% (Z) are computable as sequences
in ¢2(Z), then y(k) is computable for every k € N, because
both sums above are finite. Let hr, (k) = z.(k), k € N, where
x4 is the sequence that was defined in (22). We have

x>

> hp(Ma(k—1), keN.

=0

o — 1 — 1 1
|Hr, (e )|§ZW<ZQW=§<17 (32)
N=2 N=—2

for all w € [0, 2n). That is, the operator norm of the system
T, satisfies ||T%| < 1.

Next, we show that for all computable input sequences = €
éi (Z), the output sequence y is computable as an element
of (3 (Z). Let x € (3 (Z) be a computable sequence. Since
x € (2 (Z) is computable, there exists a sequence {2 n}nen
with zn (k) # 0 for only finitely many &k and zx (k) € C, for
all k£ € N, as well as a recursive function £: N — N, such that
for all m € N we have || — x|z < 27™ for all N > &(m).
Let My = max{k € N: zx(k) # 0}. Then we have

Mn

Z h. (k

Since yn (k) is computable for every k € Z, it follows that
yn, as a weighted sum of computable sequences, where the
weights are computable, is a computable sequence. Using (32),
we obtain

M—w%=*/

< —
727‘(

=z - $N||§2~

=Dz (l).

zw | |X( zw) _XN(eiw)|2 dw

\X( ™) = Xn (™) dw

Hence, for all m € N, we have

Iy —ynlle < llz —znlle <27 (33)

for all N > £(m). Although infinitely many elements of
yN are non-zero, it can be shown that (33) implies that y
is computable in ¢?(Z).

We further have
Y(eiw)

= Hr, ()X (e™)
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I
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|

L >~ Y =Hp, - X

Input signal LTI system Output signal

Fig. 3. Computation of the system output in the time and the frequency
domain. With respect to computability there is no duality between the time
and the frequency domain.

for almost all w € [0, 27). However, we cannot use the DTFT
to compute y, because Hp, is not computable as an element of
C(0D). Thus, although the convolution is computable in the
time domain according to above discussion, a computation of
y via the frequency domain is not possible.

IX. APPLICATION II
The Poisson summation formula

> fk) =

k=—o00

oo

is frequently used, for example, to prove sampling theorems
[42], [43]. By stating that the sum of the time domain
samples equals the sum of the frequency domain samples,
it connects the time and frequency domain. According to
Poisson’s summation formula, we have for functions f € B%,,,

1 < p < oo, that
Z f(kAT + w)

1 = EN .
5 2 f(_z)e b=
k=—o0 k=—oc0
= f(w),

where the last equality follows from the fact that f(w) is
zero for w € R\ [-2m,2n]. We know that f,(w), is not
computable as a function, because f*(O) is not computable.
Hence, it follows that

i f* <l;) eiwk/2

k=—o0

€ (—2m,2m),

is not computable either. This is surprising, since all compo-
nents of this sum are computable.

X. CONCLUSION AND OUTLOOK

Since nowadays most computations are done on digital
computers, the question of computability arises. In this paper,
we analyzed the computability of the Fourier transform and
the discrete-time Fourier transform, and proved that there
exist well-behaved signals for which the transforms exist
mathematically, but which are not Turing computable. Hence,
the transforms of these signals cannot be computed on any
digital hardware, such as CPUs, FPGAs, or DSPs. This result
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also implies that the usual duality between time and frequency
domain does not hold with respect to computability. While the
Fourier transform is not computable on a Turing machine, i.e.,
the theoretically ideal digital machine, it can be computed on
an ideal analog machine, as discussed in Section IV. Whether
and how this theoretical superiority of the analog machine can
be translated into practice is unclear. Finding suitable analog
implementations could be a goal of further investigations.

APPENDIX A
DERIVATION OF THE CONSTANT C(p)

Next, we will derive the explicit constant C(p) in (7). We
will sketch the main steps of the proof.

Let - '
Lo = [ o™ HED .

For g € LP(R), 1 < p < 0o, we have

L) = [ o™ ar

it e s} iTT
_yp [T 90T
2mi oo t—T
—imt 0o iTT
¢ _vp / gr)e™ o,
2mi foo T
ei7rt . e—iﬂ't .
— H —T - t _ H 17 - t
S Hlge™ ™)) = S H(ge™ )(1)

for almost all ¢ € R, where H denotes the Hilbert transform.
Further, we see that

1 —47 -
1Lzl < SIH(ge™ )y + *HH( "y
1 T - T -
< 5Cu)lge™ [l + CH( Mge™ Il
=CuP)llgllp, (34)

because H: LP(R) — LP(R) is a bounded operator, satisfying
| Hfllr®)y < Ca)||fllzr@) for all f € LP(R), where

tan(%), 1<p<2,
Cu(p) = |H| = a

is a constant that depends only on p [44].
Let 1 < p < oo be arbitrary but fixed and g such that
1/p+1/q = 1. It can be shown that for f € B2 and g € L%(R),

we have
/ T H(0a(e) dt = / T (Lef)(0)a() dt

-/ ) (Lag) (1)

Since f € BY and L,g € B, we can use [17, p. 50, Th. 6.11]
to obtain

/ Z o

S ) (Lag)(B).

k=—oc0
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Ll | v |
Fig. 4. Plot of the function fé for N :6.
Hence, it follows that
[ st a < k:i S0 (Lag) ()
< (_i If(k)lp>; (_i <Lﬁg><k>q>;
< (_i |f<k>|p>; (147 Lagll,
< (_i If(k)lp>; 1+ mCu@lgly G5

where we used Nikol’skii’s inequality [17, p. 49, Th. 6.8] in
the second to last inequality and (34) in the last. Since (35) is
true for all g € L(R), we obtain

||f||p:g€sL11qu)/ f(t) ‘
lgllg<T
< ( > If(k)l”> (14 m)Crl(q)
k=—oc0

for all f € BE.

APPENDIX B
PROOF OF LEMMA 2

Proof of Lemma 2. Let N € N be arbitrary but fixed. Since

Z — sin(kw) / Zcos (kT)
0

k=1

it follows that

N w 2N+1
1
Esin(kw):/ sin (#557)  w
0

— 2sin (%) 2

for all N € N and w € R. Let

w gin (2L,
oty = [ LS

2sin (%)

dr, weR.
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The zeros of fj on the positive real axis are given by
{27n/(2N + 1)},en, and we have fr(w) > 0 for ¢ €
[0,27/(2N + 1)). The function ff is plotted in Fig. 4 for
illustrative purposes. Due to the general behavior of f};, we
see that fy(w) attains its maximum at w = 27/(2N +1). We
2
/2N+1 1 N
= -+
0 2 =
27
aNFT 2N +1
< / + dr
0

have
In 2w _ /21311 sin (%7) dr
2N +1 0 2sin (1)
cos(kt) dr
2

= T.

Thus, for 0 < w < 7 it follows that

Z% = fy@) -5
< fn(w)
27
S v (2N+1)
<.

Further, we have Zk 1sin(kw)/k > 0 for 0 < w < 7 [32,
p. 62, Theorem 9. 4] Since the sum Ek 1 sin(kw)/k is zero

for w =0 and w = 7, and an odd 2m-periodic function, we
see that |Z,I€V=1 sin(kw)/k| < 7 for all w € R. O

APPENDIX C
PROOF OF LEMMA 3

Proof of Lemma 3. Leté € (0,1/2] be arbitrary but fixed, and

let
N

Fy(w)=> % cos(kw).

k=1

We distinguish two cases: N < 1/6 and N > 1/6. We start
with the case N < 1/4. Then we have

M=
=

[Fy(w)] < |cos(kw)

>
Il
—

] =

\ x|~
8

b
Il
—

N

<1l+ —dx

=1+ 1og(N)

1

for all w € R. Next we treat the case N > 1/6. Let N5 =
|1/6] be the largest natural number such that Ny < 1/§. Note
that Ns > 1/6 — 1 > 1. We have

N

Z% )+ Z %cos(kw).

k=1 k=Ns-+1

(36)

(37
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14
For the first sum in (37), we have according to (36) that
S 1
Z % cos(kw)| < 1+ log <6) (38)
k=1

for all w € R. For the second sum in (37), we observe that
N N

Z %cos(kw): z %(Ck(‘*’)*ck—l(""))7

k=Ngs+1 k=Ns+1

where ¢ (w) = 2221 cos(nw), and use summation by parts
to obtain
N

1 1 1
Z % cos(hw) = NCN(W) - WCN(S (w)
k=Ns+1
+ Z T k+1 (W) (39
k=Ns+1
Next, we need an upper bound for |cg(w)], [0, 7]

Using the identity for the Dirichlet kernel, we see that

sin (2k+1 (.U)

1
Zcos nw) 251n(2) — 3

and consequently, that

| g ————

~ 2sin (%)
Since w € [0, 7], we have sin (w/2) > w/m > 6 /7. 1t follows
that 1

en()| < o+ 5

for all k € N and all w € [0, 7]. Now we can upper bound the
tree terms on the right hand side of (39). Since N > 1/§ and
Ns +1 > 1/, and by using (40), we see that

7r+(5 T 1

(40)

1
’NCN )‘<5(25+ >: 9 2"‘1 1
and
T 1 7r+<5 s

for all w € [, 7). For the third term in (39), we obtain

N—-1
L w)
Ck
W k)
N-—1
1
hS Z ek (w)]
W KD
(2 Y
“\26 " 2) 4= Rk D)
1 =1
<<25+2) 2
k=Ns+1
T 1 * 1
4 d
<(25+2) Ny 22
(T +1 1
T \28 2 5]
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where we used (40) in the second inequality. Since § < 1/2
and N5 > 1/6 — 1, we have

7T+]. 1 < T n 1 < +1
25 " 2)N; S21-0) oN; = 2

and consequently

N-1
Z ;ck(w) <7+ 1
PN k(k+1) 2

for all w € [0, 7]. Combining (37), (38), (39), (41), (42), and
(43), we see that for N > 1/§ and all w € [4, 7], we have

(43)

™

1 1 1
|FN(w)<1+log<5)+2(2 +4>+7T+2

= log ((15>+2+27T. O

APPENDIX D
COMPUTABILITY OF ||gn ||,

Let N € N be arbitrary but fixed. Next, we will show that
the norm ||gn||, is computable. Let

gn(t), [t| <M,

M
t) =
9 (D=1, It > M.

It can be shown that g%/ is a computable function on [—M, M]
and that

S

M
¥l =( [ la¥ (ol a

-M
is computable [9, p. 35, Theorem 5]. We have

llgnllp = llgn' llo] < lgn — g ll»

[ oo a
[t|>M
1 P

N
< _ -
<2 e ﬂbMt_k%

We treat the integral on the right hand side of the inequality
next. For M > N and 1 < k < N, we obtain

/ 1dt—/_M1dt+/w1dt
s =R T g Tk Ty kP

For the first integral we have

-M -M
—dt < — dt
/40 |t — k[P [w t[*P

1
- M2-1(2p — 1)’

1
P

and for the second integral

e 1 e 1
——dt < —dt
/M |t — k[ /M |t — N2

1
(M = N)*=1(2p - 1)’
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Hence, it follows that

llgnllp = llgn |

L \MZ1(2p—1) ' (M-NZ1(2p-1))

which shows that the computable sequence of computable
numbers {||gA ||, }amren converges effectively to [lgn|p-
Hence, ||gn||p is computable.
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